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intrinsic-component expansion with the least-squares trunca-
tion property. The interpolation of curves was reduced to the

simple interpolation of weighting coefficients. The technique

presented here, therefore, has some advantages from the data
processing standpoint, which are data compression, reduction
in processing time, and stability of the solution. In the ap-
plication to the estimation problem of y-ray response spectra,
we have shown that the spectral curves can be represented by
utilizing only two principal-component patterns. Moreover,
we have investigated the accuracy of the estimated curves and
constructed a library of the curves.

ACKNOWLEDGMENT

The author is grateful to Dr. Y. Nayatani for his valuable
discussions and suggestions, and to Dr. R. L. Heath for re-
ferring to the response spectral data and his encouragement.

REFERENCES

[1] T. Y. Young and T. W. Calvert, Classification, Estimation and Pat-
tern Recognition. New York: Elsevier, 1974. i

[2] C. H. Chen, Ed., Pattern Recognition and Signal Processing. The
Netherlands: Sijthoff & Noordhoff, 1978.

[3]1 J. G. Hayes, Ed., Numerical Approximation to Functions and Data.
London: Athlone Press, 1970.

433

[4]1 H. C. Andrews and C. L. Patterson, “Singular value decomposi-
tions and digital image processing,” IEEE Trans. Acoust., Speech,
Signal Processing, vol. ASSP-24, pp. 26-53, Feb. 1976.

[5] I J. Good, “Some applications of the singular decomposition of a
matrix,” Technometrics, vol. 11, pp. 823-831, 1969.

[6] F. Adams and R. Dams, Ed., Applied Gamma-Ray Spectrometry.
New York: Pergamon, 1975.

[7] R. L. Heath, “Computer techniques for the analysis of gamma-ray
spectra obtained with Nal and lithium-ion drifted germanium
detectors,” Nucl. Instrum. Methods, vol. 43, pp. 209-229, 1966.

[8] G. E. Forsythe, M. A. Malcolm, and C. B. Moler, Computer Meth-
ods for Mathematical Computations. Englewood Cliffs, NJ:
Prentice-Hall, 1977.

Shoji Tominaga (8'74-M’77) was bomn in
Hyogo Prefecture, Japan, on April 12, 1947.
He received the B.E., M.E., and Ph.D. degrees
in electrical engineering from Osaka Univer-
sity, Osaka, Japan, in 1970, 1972, and 1975,
respectively.

Since 1976 he has been with Osaka Electro-
Communication University, Neyagawa, Osaka,
where he is currently an Associate Professor
with the Department of Precision Engineering.
His current interests include signal processing,
pattern recognition, and artificial intelligence.

Dr. Tominaga is a member of the Information Processing Society and
the Society of Instrument and Control Engineers of Japan.

Design of ARMA Digital Filters by
Pole-Zero Decomposition

B. YEGNANARAYANA, MEMBER, IEEE

Abstract—A new technique for design of digital filters is presented in
this paper. The technique exploits the spectral approximation property
of autoregressive modeling to reduce ripple at the edges of the transition
band in the filter response. An autoregressive model approximates a
given spectrum better at the peaks than at the valleys. Spectral infor-
mation around the transition band is transformed into peaks by splitting
the given squared-magnitude frequency response into two component
spectra. This splitting is accomplished using a pole-zero decomposition
technique, which in turn uses the properties of the derivative of phase
spectrum of minimum phase filters. One of the component spectra
corresponds nearly to the response of an all-pole filter, and the other
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component spectrum corresponds neatly to the response of an all-
zero filter. Each of these component spectra can be represented by a
small number of coefficients using autoregressive modeling. The result-
ing two sets of autoregressive coefficients determine poles and zeros of
the autoregressive moving average (ARMA) digital filter. Ripple charac-
teristics in the response of the ARMA filter can be controlled by ap-
propriately choosing the number of poles and zeros. It is shown that
a wide variety of magnitude frequency response characteristics can be
approximated by an ARMA filter of low order using this technique.
The technique does not work well in cases where spectral approximation
by autoregressive modeling is poor. Such cases arise when the com-
ponent spectra have very large dynamic range.

1. INTRODUCTION

DIGITAL filter that contains poles and zeros is termed
Aan autoregressive and moving average (ARMA) digital
filter. This paper is concerned with the design of ARMA
digital filters to realize a given log magnitude frequency
response. The basic idea in the design is to split the given
response into two component responses, each of which can be
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approximated by a small number of parameters. The reason
for the success of this method is that one of the component
responses is close to an all-pole spectrum and the other com-
ponent response is close to an all-zero spectrum. Since the
inverse of an all-zero spectrum is an all-pole spectrum, it is
possible to represent each of the component responses by a
small number of parameters through autoregressive modeling
[1]. The splitting of the given response into an all-pole and an
all-zero spectra is accomplished using a pole-zero decomposition
technique [2], which is based on the properties of the negative
derivative of minimum phase spectra [3].

In a closely related study, Scharf and Luby suggested statis-
tical design of ARMA digital filters [4]. The design procedure
consists of determining, first, a higher order all-pole filter ap-
proximation for the given spectrum. The all-pole filter is used
to generate consistent unit impulse and covariance sequences
for use in the Mullis-Roberts algorithm [S]. This algorithm is
then used to obtain a low-order ARMA digital filter that ap-
proximates the higher order all-pole filter.

Although the goal in our study is also to design a digital filter
with poles and zeros, our method of approximation to obtain
the filter coefficients is different. In the Scharf and Luby
design, the ripple in the realized response is maximum at the
edges of the transition band. Attempts to control this effect
with smooth functional transition from passband to stopband
have been unsuccessful. This is- because the moving average
(all-zero) whitening filter for the given spectrum tries to whiten
a spectrum with zero amplitude in the transition band. The
corresponding autoregressive (all-pole) filter has excessive ripple
in the passband. This cannot be avoided because an autoregres-
sive model approximates peaks in a spectrum better than valleys
[1]. In the method proposed in this paper, this property of
autoregressive modeling is exploited to effectively control the
ripple at the band edges.

It is generally true that a given magnitude spectrum can be
realized by a digital filter of a much lower order when the filter
contains both poles and zeros than when the filter is purely
all-pole or all-zero. A lower order digital filter will be of lesser
complexity in terms of number of multiplications and additions
required in its implementation. Our method of design results
in an ARMA digital filter that is of low order and stable. In
addition, the filter has several useful characteristics. The ripple
characteristics can be controlled by a suitable choice of the
number of coefficients used to represent the component
spectra.

The emphasis in this paper is on the presentation of the new
design technique. Issues such as the filter performance relative
to other techniques and the limitations of the method are not
discussed in detail. Throughout the paper the notation (M,
M,) denotes an ARMA digital filter with M, poles and M,
Zeros.

II. THEORY OF POLE-ZERO DECOMPOSITION
The key idea in this paper is splitting the given log magnitude
frequency response into two parts: one corresponding nearly
to an all-pole filter spectrum and the other to an all-zero filter
spectrum. This splitting is called polezero decomposition,
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which is based on the properties of the negative derivative of
phase spectra (NDPS) of minimum phase polynomials.

A. Properties of Minimum Phase Filters

A linear digital filter H(z) can be represented as a ratio of
two polynomials as follows:

H(z) = GN(z)/D(z) 1
where

M,

N =1+ a(®)z* @)
k=1
Ml

DE)=1+ ) a*(k)z™* 3)
k=1

and G is a gain term.

A polynomial is said to be minimum phase if all its roots lie
within the unit circle in the z-plane. If all the poles and zeros
of H(z) lie within the unit circle in the z-plane, then the filter
is called a minimum phase filter. Properties of minimum phase
signals have been studied extensively [6]. Properties of the
negative derivative of phase spectrum (NDPS) of a minimum
phase polynomial have been reported [3] in the context of
formant extraction using linear prediction analysis.

The NDPS of a minimum phase polynomial

M
A@)=1+ 3 ak)z™*

C))
k=1
is defined as follows.
Let
A@)=46)] _ jo )
and
A(w)= |A(w) ] ¢ 704, ©)

Then the NDPS of A(z) is given by df,(w)/dw.

A polynomial of the type A(z) can be written as a cascade of
several first-order polynomials with real roots and second-order
polynomials with complex conjugate roots. The NDPS plots
of typical first-order and second order all-pole filters are shown
in Fig. 1. It is interesting to note that significant values of
NDPS for a first-order real pole filter lie close to the origin of
the frequency scale. For a second-order all-pole filter (resona-
tor) the significant values of NDPS are confined to frequencies
around the resonance frequency. Moreover, the NDPS curve
near resonance frequency is approximately proportional to the
squared-magnitude response of the filter. These properties
were shown analytically in [3].

The NDPS of the overall all-pole filter 1/4(z) is a summation
of the NDPS responses of the individual first and second order
filters. In the overall response there is negligible effect of one
resonance peak on the other as shown in Fig. 2.

It is easy to visualize a similar behavior for real and complex
conjugate pair zeros in their NDPS plots. The only difference
is that the NDPS for zeros will have a sign opposite to that for
poles. Specifically, the NDPS plot will have a positive peak
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Fig. 1. Negative derivative of phase spectra for all-pole filters. First-
order filter: H(z) = 1/(1 - 0.85z71). Second-order filter: H(z) =1/
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Fig. 2. Negative derivative of phase spectrum for cascade of several first-
order and second-order all-pole filters.

due to a complex conjugate pole pair and ahegative peak due
to a complex conjugate zero pair. These simple but power-
ful properties of the derivative of phase spectrum are shown

to accomplish the pole-zero decomposition discussed in Sec-

tion I1-C.

B. Relation Between Magnitude Spectrum and NDPS

Let V(w) represent the frequency response of a minimum
phase digital filter. V{(w) will be periodic in w with period 27.
Since all the poles and zeros of the minimum phase filter lie
within the unit circle in the z-plane, In V(w) can be expressed
in Fourier series expansion as in (7) below, since the cepstrum
of a minimum phase sequence is a causal sequence [6].

nV(@)=c@)2+ 3 clk)e 7 e
k=1

Q)

where {c(k)} are called cepstral coefficients. Writing

Viw)= |V(w)| eV ®)
we get the real and imaginary parts of In V' (w) as
in | V(w)[ =¢(0)2+ > c(k)coskw (realpart)  (9)
k=1

and

0y (w) + 2= > c(k)sin kw (imaginary part)
k=1

(10)
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where X is aninteger. Taking the derivative of 8 -(w), we get

8y (w)= 2 ke(k)cos k.
k=1

(11)

6y (w) represents the negative derivative of phase spectrum
(NDPS) of the minimum phase filter. The log magnitude spec-
trum and the NDPS of a minimum phase filter are thus related
through the cepstral coefficients.

C. Pole-Zero Decompbsition

Separating the positive and negative parts of 85 (w), we get
the approximate NDPS of the pole and zero components of
the filter, respectively.

By (w) = [0y ()] * + [8y ()]~ (12)
where
[0y (@)]* =0y (w), for By (w)>0 (NDPS of pole part)
=0, for 8, (w)<0 13)
and
(6, (Q)] “=0p(w), for 0,(w)<0 (NDPS of zero part)
=0, for 6y (w)=>0. (14)

Expressing each of the NDPS responses separately in Fourier
series yields the cepstral coefficients {¢*(k)} and {¢" (%)} cor-
responding to the pole and zero spectrum, respectively. That
is

B, (@] *=C+ 3 ke*(k) cos ke (15)
k=1
and
[0 @) "=-C+ 3 ke (k) cos kew (16)

k=1

where C is the average value, which does not contribute to the
shape of the spectrum. From {c*(k)} and {c”(k)} the pole
spectrum and zero spectrum can be computed through Fourier
cosine transform and exponentiation.

III. THEORY OF ARMA FILTER DESIGN
A. Filter Design Problem

Given a squared-magnitude frequency response S(w), the
objective in filter design is to determine the parameters of a
linear digital filter H(z) of the type given in (1), such that

[H@)|* = |HE)|?

~S(w). (17

B. Design Procedure

The theory of the ARMA filter design is illustrated through
the following design steps. The actual implementation of the
design is discussed in Section IV. ’

1) For the given squared-magnitude frequency response
S(w) determine the cepstral coefficients {c(k)} using the
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relation

InS(w)=c(0)+2 > c(k)cos kw. (18)
k=1

2) From {e(k)} compute the NDPS 07 (w) for the mini-
mum phase filter corresponding to S(w), using the relation
(1D).

3) Split the NDPS 6, (w) into positive and negative portions
using the relations (13) and (14).

4) Obtain the cepstral coefficients {c*(%)} and {¢™ (k) }Hrom
[61 ()] and [0 (w)] ~, respectively, using the relations (15)
and (16).

5) Compute the pole spectrum P(w) and the zero spectrum
Z(w) from {c*(k) } and {c"(k) }, respectively, as follows:

P(w)=exp —c(O)/Z +2 i ¢ (k) cos kw] (19)
L k=1
and
Z{w)=exp Lc 0)/2+2 i ¢ (k) cos kw] . (20)
k=1

Note that ¢*(k) + ¢"(k) = ¢ (k) and, hence, P(w) Z(w) = §(w).
6) Obtain the autocorrelation coefficients {R*(k)} and
{R™(k)} from P(w) and 1/Z(w) using the relations

P@)=R*(0)+2 5 R'(k)cos ke @1)
k=1
and
1/Z(w)=R(0)+2 3 R (k) cos ke, (22)

k=1

7) Solve for the autoregressive coefficients {¢*(k)} and
{a~(®)} from {R*(k)} and {R(k)}, respectively, using Dur-
bin’s algorithm for solving the autocorrelation normal equa-
tion [1]. The equations are

%a*(k)R+(|i—kl)=—R+(i), i=1,2,--,M;, (23)

=1
and

M,

> a®R(i- k) =-R(D),

k=1

i=1,2,--My. (24)

8) Compute the filter gain G as
G =exp [c(0)/2].

9) The squared-magnitude frequency response of the overall
filter is given by

|H(w) |? = P(w) Z (w) G

@25)

where P (w) and Z (w) are approximations to P(w) and Z (w),
respectively, and are given by
M, 2
P(w)= 1/ 1+ a*() e 7+
k=1

@7)

6)
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and
M, L
Z(w)=|1+3 a(k)e k<
k=1

28

IV. IMPLEMENTATION OF THE ARMA FiLTER DESIGN

The design procedure described in Section III can be imple-
mented as shown in Fig. 3. The desired filter response is speci-
fied by giving the log spectral values at sample points in the
frequency domain. The input and output data for each DFT
and IDFT block is real and symmetric. Small values of the
imaginary part, that may occur as a result of finite precision
arithmetic in FFT computation, are set to zero. The design
examples discussed in the next section were implemented on
a DEC K110 machine (word length 36 bits).

V. DEsiGN EXAMPLES

A low-pass filter with the following specifications is consid-
ered for illustrating the above design procedure.
Let

Q(l)=S(w)|w=21rl/512;

A = amplitude and M = number of transition samples.

A sampling frequency of 10 kHz is arbitrarily assumed in the
discussion of design examples. In the examples 512 samples
correspond to 10 kHz.

Specifications:
nQg®)=In), 1=0,1,---,99
=[1-(@-99)/(+1)] In4),
[=100,101,---,100 +M
=0, I=100+M+1, 100+M=+2,---,256
InQ@)=mQG12-1), 1=257,258,---,511.

In the above specification the value of A determines the
passband-to-stopband level. For example, if 4 =10%, then
the passband-to-stopband level is 60 dB. The value of M
determines the number of transition samples. The case of
M =0 corresponds to no sample in the transition band. The
filter design was carried out using 512 point FFT for computing
DFT and IDFT.

Fig. 4 illustrates the principle of the proposed filter design.
Fig. 4(a) shows the log magnitude response of the desired low-
pass filter for A = 109, M =21. The NDPS of the filter is shown
in Fig. 4(b). The positive and negative portions of the NDPS
are separated and the corresponding spectra are computed. The
resulting pole and zero spectra are shown in Fig. 4(c). If these
log spectra are added, we get the desired filter response exactly
as shown in Fig. 4(d). On the other hand, if the pole spectrum
and the inverse of the zero spectrum are approximated by auto-
regressive models, each with 8 coefficients, the overall response
of the resulting filter is as shown in Fig. 4(e). In this case, the
peak-to-peak amplitude of the ripple is less than 3 percent in
passband and stopband. An interesting observation is that the
amplitude of the ripple depends mainly on the rate of fall
during transition rather than the transition width itself. This
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Fig. 3. Block diagram shdwing implementation details o‘f the ARMA filter design.
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is illustrated in Fig. 5, where the different curves of Fig. 4 are
obtained for 4 =103, M=11. The ripple amplitude in this
case is less than 6 percent. v

That the amplitude of the ripple can be traded with either
the width of the transition band or the complexity (order) of
the filter is illustrated in Fig. 6 for 4 = 103. The filter responses
for four different orders of the filter and three different transi-
tion widths are given in the figures. For a (16, 16) filter, for
example, the ripple amplitude reduces from 11 percent for
M =1 to 4 percent for M =11, This tradeoff characteristic.of
the ripple amplitude with transition width makes this design
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superior to the statistical design of ARMA digital filters re-
ported in [4]. ©

The effect of varying the number of zeros keeping the num-
ber of poleés fixed is shown in Fig. 7 for 4 =10%, M =21. The
passband characteristics are not significantly affected by chang-
ing the number of zero coefficients except when the number is
too small." Similarly, we observed that the stopband character-
istics are not significantly affected by changing the number of
pole coefficients. This will provide the flexibility to design a
filter with desired passband and stopband characteristics.

The number of points (V) for FFT computation depends
upon the frequency sampling rate used in the specification.
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The effect of different sampling rates for a fixed transition
width in Hz is shown in Fig. 8. The number of samples in the
transition width are M =4, 9, and 19 for N =128, 256, and
512, respectively. The corresponding frequency sampling rates
are128samples/10kHz, 256 samples/10 kHz, and 512 samples/
10 kHz, respectively. It is clear that there is very little effect
of sampling rate on the realized response, at least for the
transition width and sampling rates shown in the figure.

Finally, the design of a bandpass filter is illustrated in Fig. 9.
This shows that any arbitrary filter characteristics can be
realized using the technique presented in this paper.

VI. CoNcLUDING REMARKS

We have shown that the pole-zero decomposition technique
provides an effective method for designing ARMA digital filters.
The complexity of the filter can be traded with the width of
the transition band. By varying the number of poles and zeros
independently, a wide variety of filter characteristics can be
achieved. Since the roots of the resulting numerator and de-
nominator polynomials lie within the unit circle in the z-plane,
the filter and its inverse both are guaranteed to be stable. There-
fore, if H(z) represents a low-pass filter, then 1/H(z) represents
a high-pass filter. Similar reasoning applies for bandpass and
band elimination filters also.

The method is useful as a filter design procedure because it
reduces the ripple at the bandedge by exploiting the property
of spectral approximation by autoregressive modeling. Anauto-
regressive model approximates a spectrum better at the peaks
than at the valleys. The bandedge information is transformed
into peaks in the component spectra using the pole-zero de-
composition technique. Since both peaks and valleys of the
given spectrum are represented equally well by the model, the
method can be used to realize an arbitrary magnitude response
by an ARMA filter of low order.

Computation of the component spectra P(w) and Z(w)
through exponentiation as in (19) and (20) assures that P(w)
and Z(w) are positive spectra (i.e., P(w) >0, Z{(w)> 0. This,
in turn, assures that the autocorrelation coefficients {R*(k)}
and {R™(k)}, obtained through inverse Fourier transform of
P(w) and 1/Z (w), respectively, are positive definite [7] . Hence,
the solutions of the normal equations (23) and (24) give coef-
ficients {a*(k)} and {a"(k)}, which guarantee that all the
roots of D(z) and N(z) in (1) lie inside the unit circle in z-plane
[1]. This results in stable H(z) and 1/H(z). The positive defi-
niteness of the autocorrelation coefficients can be lost if one
uses small word lengths to represent the coefficients in a com-
puter. Also, the round-off errors can cause the autocorrelation
matrix in normal equations to become ill conditioned [1].
Therefore, it is often necessary to check for the stability of the
filter, especially while using a smail word length machine and/
or while designing a high-order ARMA digital filter.

Since the design mainly involves computations using FFT
algorithms, it will be convenient to implement it on a dedi-
cated signal processing system consisting of Fourier analysis.
In fact, the design was implemented successfully on an HP
5451-B Fourier Analyzer System, which uses a 16-bit HP
21008 minicomputer as the main processor. The total compu-
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tation time for the design of an ARMA filter is slightly more
than the computation time for eight DFT operations.

The number of DFT computations can be reduced to six if
we use the relation S(w)=P(w) Z(w). In such a case, once
P(w) is computed from [0y (w)]*, Z(w) can be obtained as
8 (w)fP(w), instead of computing it through [83-(w)] . !

Our method is based on the spectral approximation property
of autoregressive modeling, the accuracy of which depends on
the spectral dynamic range. The dynamic ranges of the com-
ponent spectra depend on the width of the transition band.
The component spectral dynamic range is larger for smaller
widths. Spectral approximation by autoregressive modeling of
large dynamic range spectra will be generally poor, especially
at low values of the spectrum. This, together with the finite
word length computation, limit the type of ARMA filters
that can be designed using our method.
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Abstract—Adaptive signal processing algorithms are often used in
order to “track” an unknown time-varying parameter vector. This
work develops an upper bound on the mean of the norm-squared error
between the unknown parameter vector being tracked and the value
obtained by the algorithm. The results require very mild covariance
decay rate conditions on the training data and a bounded algorithm.
The upper bound illustrates the relationship between the algorithm
step size and the maximum rate of variation in the parameter vector
being tracked.
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I. INTRODUCTION

ANY of the algorithms proposed for use in adaptive

y 1 signal processing (see, e.g., [1]-[6]) can be cast in the
following form:

Wi = Wi + wie@Pr - FeWy), k=1,2,--- @
where Wy € R? is arbitrary, {P} and {Fi} are sequences of
real p X 1 and p X p matrices, respectively, and {uz} is a
sequence of positive constants. We use R? to denote the real
Euclidean p-space and treat X € R? as a column vector.
Algorithm (1) can be interpreted as a general member of a
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