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Abstract—The Independent Component Analysis with 
Reference (ICA - R) also called as constrained ICA (cICA) 
extracts only the desired source signals from the mixture of 
source signals by incorporating some prior information into 
the separation process. To overcome the problem of designing 
the reference signal when there is no prior information about 
the desired signal in the cICA, an improved method is 
proposed to use a different speech signal generated by the same 
physical source. The cICA is extended to use Bessel coefficients 
of the observed signals and the reference signal for processing 
as they converge faster than the other transformations. Since 
the Bessel functions provide the desired properties, efficient in 
representing speech signals, less memory storage they have 
been exploited in speech processing [1]. The results 
demonstrate the efficiency of the proposed method. 

 
Keywords: Bessel functions, Independent component 
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I. INTRODUCTION 
ICA belongs to a class of Blind Signal Separation (BSS) 

methods for separating data into underlying informational 
components, where such data can take the form of images, sounds 
etc... As the name suggests, ICA separates a set of signal mixtures 
into a corresponding set of statistically independent component 
signals or source signals. Here the property of being unrelated is of 
fundamental importance, because it can be used separate mixture 
of source signals. The defining feature of the extracted signals is 
that each extracted signal is statistically independent of all other 
extracted signals i.e. each extracted signal will be generated by a 
different physical process. [2]. ICA has been widely used in 
various fields, e.g., speech signal processing, image processing etc. 
Compared to the conventional ICA algorithm, the technique of the 
cICA provides a general framework to incorporate the additional 
requirements or prior information, e.g., statistical properties or 
rough templates of the sources. With the prior information, the 
cICA algorithm usually has a better performance. ICA-R is very 
useful in many applications such as automatic speaker verification, 
speaker identification and so on [8]. In the algorithm, the norm 
between the references and the estimated signals is used as the 
inequality constraints in the contrast function to extract the desired 
signals. The ICA-R extracts only the desire source signal which is 
the closest one, based on prior knowledge of the reference signal. 
Here the reference signal plays a major role in extraction of the 

desired signal. Therefore by providing or constructing the proper 
reference signal helps in better extraction of the desired signal. The 
crucial problem is the design of reference signal in advance 
which is close to the desired signal when the desired source 
signal is very week in mixed signals and also when there is no 
prior information about the desired source signal. 

In this paper the ICA-R algorithm is extended to use Bessel 
coefficients of the observed signals and the reference signal for 
processing as they are more efficient in representing speech-like 
waveform. To overcome the problem of designing the reference 
signal when there is no prior information available about the 
desired signal here we proposed to use a different speech signal 
generated by the same physical source as the reference signal for 
the algorithm. The adaptive solutions using the Newton-Like 
learning are proposed in the algorithm to solve the constrained 
optimization problems.  

The paper is organized as follows: In Section 2, we describe 
the Bessel expansion of signals. Section 3, describes the various 
types of ICA along with the ambiguities of ICA-R. In Section 4, 
we discuss one of the existing approaches for ICA-R with EMD 
based reference. The proposed approach for ICA-R based on 
Bessel features is described in Section 5. The study on ICA-R is 
discussed in Section 6 by taking suitable examples. In this section 
we also study the performance of the proposed approach.  

II. BESSEL EXPANSION 
The Bessel expansion is suitable for non-stationary signals 

representation [4]. The wave equation inside cylindrical structures 
(tubes) includes the first kind of Bessel function. The vocal tract 
can be modeled as organ pipe like cylindrical tubes with a sound 
source at one end (the larynx or voice box) and open at other ends 
(the lips or nose). It is a good reason to choose the first kind Bessel 
functions in terms of naturalness for representing the sounds 
produced in the vocal tract it could be approximated as acoustic 
tubes for short-time intervals analysis [5]. 

A. Coefficients Computation using Bessel Expansion 
The zero-order Bessel series expansion of the signal xሺݐሻ 

considered over some arbitrary interval (0, a) is expressed as [6]: 

ሻݐሺݔ                      ൌ ෍ ௠ொܥ
௠ୀଵ ଴ܬ ൬ߣ௠ܽ       ൰                                           ሺ1ሻݐ

Where {ߣ௠ , m=1, 2, 3…} are the ascending-order positive                 
roots of ܬ଴ሺλሻ ൌ 0 , and  ܬ଴ ቀఒ೘௔  ቁ  are the Zero-Order Besselݐ



functions. The sequence of Bessel functions forms an orthogonal 
set on the interval 0 ൑ ݐ ൑ ܽ with respect to the weight t, that is: න ௔ݐ

଴ ଴ܬ ൬ߣ௠ܽ ൰ݐ ଴ܬ ൬ߣ௡ܽ ൰ݐ ݐ݀ ൌ 0,      for ݉ ് ݊                             ሺ2ሻ 

Using the orthogonality of the set {ܬ଴ ቀఒ೘௔  ቁሽ, the Besselݐ
coefficients ܥ௠ are computed by using the following equation: 

௠ܥ                     ൌ 2 ׬ ௠ܽߣ଴ ሺܬሻݐሺݔݐ ሻ௔଴ݐ ௠ሻሿଶߣଵሺܬଶሾܽݐ݀                                          ሺ3ሻ 

 

With1 ൑ ݉ ൑ ܳ, where Q is the order of the Bessel expansion 
and ܬଵሺߣ௠ሻ is the first–order Bessel functions. The Bessel 
expansion order Q must be know a priori. The interval between 
successive zero-crossing of the Bessel functions  ܬ଴ሺλሻ increases 
slowly with time and approaches ߨ in the limit. If order Q is 
unknown, then in order to cover full signal bandwidth, the half of 
the sampling frequency, Q must be equal to length of the signal. 

     The Bessel series coefficients ܥ௠ are unique for a given 
signal; similar as the Fourier series coefficients are unique for a 
given signal [7]. However, unlike the sinusoidal basis functions in 
the Fourier series, the Bessel functions decay over time. This 
feature of the Bessel functions makes the Bessel series expansion 
suitable for non-stationary signals [6-8]. The Bessel features can be 
used in many applications such as speech segmentation, speaker 
verification, speaker identification, and language identification and 
so on. 

III. INDEPENDENT COMPONENT ANALYSIS 
The ICA recovers a set of unknown mutually independent 

sources signals from their observed linear mixtures. Suppose M 
independent source signals ݏሺݐሻexist, and N observed mixtures of 
the source signals x (t) then ݏሺݐሻ and ݔሺݐሻ are given by:                       ݏሺݐሻ ൌ ሾݏଵሺݐሻ … …  ሻሿ்                                             ሺ5ሻݐெሺݏ
ሻݐሺݔ                        ൌ ሾݔଵሺݐሻ … …  ሻሿ்                                            ሺ6ሻݐேሺݔ
 

The linear ICA assumes that these mixtures are linear, 
instantaneous, and noiseless.                                   ݔሺݐሻ ൌ  ሻ                                                         ሺ7ሻݐሺݏܣ
 

A is a ܰ ൈ  mixing matrix that contains the mixing ܯ
coefficients. The goal of ICA is to find a ܯ ൈ ܰ de-mixing matrix 
W; such that M output signals were extracted.               ݕሺݐሻ ൌ ሻݐሺݔܹ ൌ ሻݐሺݏܣܹ ൌ  ሻ                                 ሺ8ሻݐሺݏܦܲ
ܦ  א ܴெൈெis a permutation matrix and ܦ א ܴெൈெ is diagonal 
scaling matrix. The ICA is related to blind source separation 
(BSS), without knowing information about the original signal we 
are separating the mixed signal [9]. 

A. ICA with Reference  
The ICA – R also called as constrained ICA (cICA) is good for 

extracting several source signals from a large number of observed 
mixtures by providing a reference signal which should be closely 
related to the desired source signal. The adaptive solutions using 
the Newton-like learning rule is used to solve the constrained 
optimization problem. 

Instead of separating all M number of independent sources 
from N mixed signals , ICA-R extracts L (L<M) number of desired 
sources from N mixed signals by incorporating some a priori 
information into the ICA learning algorithm as reference signals 
[10]. These reference signals are denoted 
by ݎሺݐሻ ൌ ሾݎଵሺݐሻ, … ,  ሻሿ், carry some information of the desireݐ௅ሺݎ
sources but not identical to corresponding desired signals. We 
briefly describe the one-unit ICA-R. It finds one weight vector W, 
so that the output signal,  ݕሺݐሻ ൌ ሻݕሺܬ .ሻ as the reference signal [9, 10]ݐሺݎ ሻ by usingݐሺכݏ ሻ recovers desired sourceݐሺݔ்ݓ ൌ ሻሽݕሺܩሼܧሾߩ െ  ሻሽሿଶ                                                        ሺ9ሻݒሺܩሼܧ

 
Here ρ is a positive constant, ν is a Gaussian variable having 

zero mean and unit variance, ܩሺ. ሻ can be any non-quadratic 
function. The closeness between the ICA-R output y and the 
reference signal r is measured by εሺݕ,  ሻ , which has a minimalݎ
value when ݕ ൌ  is used to distinguish the ߦ A threshold .כݏܦܲ
desired source כݏ from other source signals such that ݃ሺݓሻ ൌߝሺݔ்ݓ, ሻݎ െ ߦ ൑ 0 is satisfied only when y=PDכݏ among all 
source signals, g(w) as feasible constraint to the contrast function, 
the problem of one unit ICA-R can be modeled in the framework 
of constrained independent component analysis  [11] . 

      Maximize    ܬሺݕሻ ൌ ሻሽݕሺܩሼܧሾߩ െ  ሻሽሿଶ                        ሺ10ሻݒሺܩሼܧ
 
      Subject to    g (w)൑ 0, h (w) = E {ݕଶሽ - 1=0                        (11)    
 

Where ݄ሺݓሻis the equality constraint used to ensure the 
contrast function ܬሺݕሻ and the weight vector w are bounded. In a 
Newton-like leaning algorithm is derived by finding the maximum 
of an augmented Lagrangian function corresponding [10, 11]. The 
updated weights are given by:                            ݓ௞ାଵ ൌ ௞ݓ െ η

ܴ௫௫ିଵܮ௪ೖ′ߜሺݓ௞ሻ                                        ሺ12ሻ 

 
Where k is iteration index, ߟ is the learning rate, ܴ௫௫ is the 

covariance matrix of the input mixtures x, also ܮ௪ೖ′ ൌ ′௬ܩݔ൛ܧߩ ሺݕሻൟ െ ′௬݃ݔ൛ܧߤ0.5 ሺݓ௞ሻൟ െ  ሽ                   ሺ13ሻݕݔሼܧߣ
   ሺݓ௞ሻ ൌ ′′௬మܩݔ൛ܧߩ  ሺݕሻൟ െ ′′௬మ݃ݔ൛ܧߤ0.5 ሺݓ௞ሻൟ െ  ሺ14ሻ                      ߣ

 
Where ܩ௬′ ሺݕሻ and ܩ௬మ′′ ሺݕሻ are the first and second derivatives 

of ܩሺݕሻ with respect to Y, and ݃௬′ ሺݓ௞ሻ and ݃௬మ′′ ሺݓ௞ሻ are those 
of݃ሺݓ௞). The optimum multipliers ߤ and ߣ are found by iteratively 
updating the gradient-ascent method. Here  γ is the scalar penalty 
parameter. Further,                        ߤ௞ାଵ ൌ maxሼ0. ௞ߤ ൅  ௞ሻሽ                               ሺ15ሻݓሺ݃ߛ
௞ାଵߣ                         ൌ ௞ߣ ൅  ௞ሻ.                                              ሺ16ሻݓሺ݄ ߛ

B. Ambiguities of ICA-R 
There are several important issues that should be noticed [13]. 

The major is choosing the value for the threshold, ξ. When the 
threshold value is low the ICA-R algorithm will not converge and 
if the value is too large, the ICA-R may converge to other source 
signals because of some source signals whose closeness measure 
may be less than the threshold. So the threshold value should be 
carefully selected. Here the value is influenced by some factors. 
One is the choice of the closeness ε(y, r). A common choice is the 
mean square error (MSE) given by ε(y, r) = E {ሺݕ െ  ሻଶ} andݎ



another is the correlation ε(y, r) =െܧሼݎݕሽ. The other factor 
affecting the threshold value is the choice of the reference 
signalݎሺݐሻ. If the reference signal is very similar to the desired 
source signal, then the threshold value should be very small so that 
the algorithm can globally converge. Otherwise, the value should 
be large. The other issue is the design or choosing the reference 
signal. Until now, in most literature the main method is 
constructing a simple impulse signal by observing the waveform of 
sensor signals and/or by exploiting strong a priori information 
about the desired source signal [13]. In this method either the 
desired source signal is strong enough to be observed in a sensor 
signal or one should have sufficient priori information of the 
source signal. Thus, the method sometimes becomes more trivial 
and results in increased computational load and time. In the next 
session we discuss on the existing approach for ICA-R with EMB 
based reference. 

IV. ICA-R WITH EMD BASED REFERENCE 
In this approach the ICA-R algorithm extracts the target speech 

signal from the mixture of different speech signals by constructing 
the reference signal using Empirical Mode Decomposition (EMD) 
[3]. The EMD is a general nonlinear and non-stationary signal 
processing method. It decomposes a signal into a finite and often 
small number of intrinsic mode functions (IMF’s), and can be used 
as a filter by reconstructing the original signal with partial IMFs 
[7]. Here the EMD is used to obtain the approximate envelope of 
the power spectrum of the desired speech. In this approach EMD is 
used as low-pass filter to obtain the envelope of the speech power 
spectrum. Here the speech signal is significantly enhanced by 
including prior information, i.e. the knowledge of the speech 
power spectra into the ICA separation process. This method greatly 
facilitates many applications such as automatic speech recognition 
and speaker identification. In the next section we had proposed a 
different approach of extracting the reference signal using Bessel 
features. Here the desired signal and the reference signal are two 
different speech utterances of a same speaker. Thus a suitable 
threshold value is easy to set, regardless of which closeness 
measure is adopted. 

V. APPROACH FOR ICA-R USING BESSEL FEATURES 
In this section we proposed an approach using ICA-R 

algorithm and Bessel features to extract the desired speech signal 
from the mixture of speech signals in scenarios when there is no 
prior information available about the desired signal. Here the 
reference speech signal and desired speech signal to be extracted 
are two different speech utterances generated from a same physical 
source. Our idea is to perform the processing of the ICA-R 
algorithm using the Bessel coefficients of the reference signal and 
the set of observed mixed signals to extract the desired speech 
signal. In this approach we calculated the Bessel coefficients of the 
reference and source signals by framing with 50% overlap. The 
calculated Bessel coefficients of the reference signal and set of 
mixed speech signals are passed as the inputs to the ICA-R 
algorithm for processing. The ICA-R algorithm extracts the Bessel 
coefficients of the desired signal from the set of coefficients of the 
mixed signals which are close to the coefficients of the reference 
signal. Here the threshold ξ is very critical to the convergence of 
the algorithm. Initially it was initialized to a very small value to 
avoid the algorithm going to a local optimum, and then is gradually 
increased to converge at the global maximum [11]. By performing 
the ICA-R algorithm using Bessel features on the mixed speech 
signal, the desired Bessel coefficients of the target speech signal 
are extracted. Using the extracted Bessel coefficients we re-
synthesize the desired speech signal by performing inverse Bessel 
transformation and overlap-add method. 

VI. RESULTS AND DISCUSSIONS 
We have considered four speech signals each of different 

lengths with zero mean as source signals, as shown in Fig.1. Zeros 
were appended to the four signals to equal to max of the length 
among the four signals. Now each source signal has 88320 samples 
and has sampling frequency of 16000 Hz. The four equal length 
signals were mixed randomly using a mixing matrix A to obtain a 
set of mixed speech signals as shown in Fig.2. Our goal was to 
extract the target speech signal s3 as shown in Fig.3(a) using the 
ICA-R algorithm by the proposed approach by providing the 
reference signal r, as shown in Fig. 3(b). 

 As mentioned above the Bessel basis functions were 
calculated for the set of mixed signals and the reference signal by 
framing with 20 m.sec (320 samples) as frame size and 50% 
overlap and were passed as inputs to the ICA-R algorithm for 
processing.  

In the ICA-R algorithm we useܩሺݕሻ ൌ log ሺcoshሺݕሻሻ, which is 
good general purpose function [12]. The closeness between the 
ICA-R output signal y and the corresponding reference signal r is 
defined as the mean square error and is given by: 

,ݕሺߝ           ሻݎ ൌ ݕሼሺܧ െ  ሻଶሽ                                                            ሺ17ሻݎ
 

Figure 1: Four source signals (a) s1 (b) s2 (c) s3 (d) s4. The x-axis 
is time in m.sec and y-axis is amplitude 

 
Figure 2: Randomly mixed source signals (a) microphone1 (B) 
microphone2 (c) microphone3 (d) microphone4. The x-axis is time 
in m.sec and y-axis is amplitude. 



 
 In ICA-R algorithm μ,γ,λ are the critical to the convergence of 

the algorithm of ICA –R [9, 10, 12 and 13].  It may be initialized 
with a small value to avoid the algorithm going to local optimum, 
and then is gradually increased to converge at the global maximum 
[11]. By performing the ICA-R with Bessel features on the four 
mixed signals the Bessel basis functions for the target speech 
signal were extracted. Performing inverse Bessel and overlap-add 
method the desired speech signal is re-synthesized and was shown 
in Fig.3(c). Observing Fig.3(a) and Fig.3(c) it can see that 
extracted speech signal is of good quality. The accuracy of the 
recovered signal y compared to the desired speech signal s3 is 
measured by the mean square error and Signal to Noise Ratio 
(SNR) in db:                          ܴܵܰሺ݀ܤሻ ൌ 10logଵ଴ ቆ σଶmseቇ                                   ሺ18ሻ 

 
The computational results of the mean square error and the 

SNR for the two different methods are shown in Table 1. The 
computed results show that the ICA-R using Bessel features is 
better in extraction of the desired signal from mixture of different 
speech signals with less mean square error and with very high SNR 
index. 

 
Table 1: Comparison of ICA-R with EMD and ICA-R with Bessel 
Features using MSE and SNR as measures 
 

Performance 
Measures 

Methods 
EMD based 
Reference 

Bessel 
Features 

   
MSE 1.3400e-004 8.3400e-008 
   
   
SNR(dB) 38.729 70.7883 
   
   

 

 
 
Figure 3: (a) Original/Desired speech signal. (b) Reference signal (different 
speech utterance of the target speech signal). (c) Extracted speech signal. 
The x-axis is time in m.sec and y-axis is amplitude 

 
 

VII. SUMMARY AND CONCLUSIONS 
In this paper, we propose an approach for extracting a desired 

speech signal from a mixed source signal using the ICA-R 
algorithm and Bessel features. Here the desired speech signal and 
the reference signal are two different speech utterances of a same 
speaker. In the current existing literature most of the methods deal 
with designing the reference signal with prior information of the 
target speech signal. In the proposed method we do not require any 
prior information about the desired speech signal that has to be 
extracted. This is very useful for many applications such as speaker 
verification, speaker identification and so on even when the desired 
signal is very week in mixed signals [8]. The performance analysis 
shows that the proposed method is effective. This shows that the 
computation done at the feature level i.e. the Bessel coefficients of 
the signals yields better results than on the sample values. An 
example of real world application where the proposed method is 
useful is the voice recognition and speaker verification login even 
in the presence of external disturbances and also in voice security 
applications. 
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